Abstract: Conduction-combined forced and natural convection heat transfer flow of air in a differentially heated lid-driven parallelogram-shaped enclosure divided by a solid partition has been formulated and solved numerically using the finite-volume method with the SIMPLE algorithm. For the two-dimensional problem, numerical solutions are obtained for a wide range of Richardson numbers (0.1 Ri 10), inclination angles of enclosure from the vertical direction (-60° 60°), and thermal conductivity ratios (0.001 K 10). The results indicate that all of the studied parameters and direction of moving lid have significant effects on Nusselt number and the average skin friction coefficient.
Introduction
Mixed convection in an enclosure is relevant to many environmental applications such as cooling of electronics, air solar collectors, furnaces design, nuclear reactors and building applications. Very little studies have been reported for lid-driven parallelogram-shaped enclosure. Few authors dealt with natural convection in parallelogramic enclosures (Nakumura and Asako, 1980 , 1982 , 1984 Naylor and Oosthuizen, 1994; Costa, 2004a Costa, , 2004b Costa et al., 2005) . Bairi et al. (2010) carried out a numerical study of the transient natural convection in parallelogramic cavities with two vertical active walls maintained at different temperatures while the inclined walls were adiabatic. The authors presented the temperature fields and the flow lines at some reprehensive instants of the transient state for all angles treated. Garcia et al. (2010) complemented the study on high Rayleigh number convection regime in parallelogramic cavities. The variations in the mean Nusselt number were presented as a function of the inclination angle and Rayleigh number. Oztop and Varol (2009) and Oztop et al. (2009a) investigated the flow field, temperature distribution and heat transfer in a porous media filling lid-driven cavity and examined the effect of inserted circular-shaped body into lid-driven enclosure on mixed convection heat transfer. Ben Nakhi and Chamkha (2006) investigated laminar, two-dimensional natural convection owing to sidewalls temperature gradient inside an inclined partitioned enclosure. The upper and bottom walls were assumed to be insulated. Three repetitive partitions existed along the bottom wall of the major enclosure. Jae and Man (2006) considered a physical model consisting of a horizontal layer of fluid heated below and cold above with a heat-generating conducting body placed at the centre of the layer. The results for the case of conducting body with heat generation were compared with those without heat generation to study the effects of heat generation from the conducting body on the fluid flow and heat transfer in the enclosure. Mahapatra et al. (2007) studied numerical simulation of mixed convection in a differentially heated square enclosure with a partition. The phenomenon inside the enclosure with centrally located partitions and offset partitions was also analysed for the isotherm and streamline patterns and shielding effect of such partitions. Oztop et al. (2009b) studied the conduction-combined forced and natural convection (mixed convection) heat transfer and fluid flow for 2D lid-driven square enclosure divided by a partition with a finite thickness and finite conductivity. The horizontal walls were considered adiabatic while the two vertical walls were maintained at isothermal temperatures. This investigation covered a wide range of values of the Richardson number, which was changed from 0.1 to 10 and the thermal conductivity ratio varied from 0.001 to 10. A wide range of Richardson numbers was explored also encompassing the stability limit for 2D, laminar, steady regimes. It was observed that though orientation of the moving lid could not affect the direction of flow at the right chest, it completely affected the flow field at the left chest. The mean Nusselt number decreased with increasing values of the Richardson number for all values of the thermal conductivity ratio. For low Richardson numbers (Ri = 0.1), forced convection played a dominant role in convection and the mean Nusselt numbers for all values of the thermal conductivity ratio were almost the same. The heat transfer decreased with increasing values of the thermal conductivity ratio for all Richardson number values. Oztop et al. (2009c) investigated the natural convection in a vertically divided square enclosure by a solid partition into air and water regions. Thus, two cases were examined: left side of partition was filled with air and right side was filled with water. It was found that flow field, temperature distribution and heat transfer were affected by the changing of filled fluid in the chests. When the left chest was filled with air, higher heat transfer was obtained. Varol et al. (2010) made a numerical analysis of conduction-natural convection in inclined divided enclosures filled with different fluids. One side of the partition of enclosure was filled with air and the other side was filled with water. The enclosure was heated from one vertical wall and cooled from the other while horizontal walls were adiabatic. The results showed that the heat transfer was lower on the air side of the enclosure than that on the water side. Zaho et al. (2010) examined the inverse heat transfer problem in an enclosure simultaneously involving natural convection and heat conduction, which was still unexplored although it was significant for flow control to simultaneously involve heat conduction and convection regimes.
The previous studies clearly show that lid-driven differentially heated cavities with partitions have interesting applications in various fields and the conduction-combined forced and natural convection heat transfer in a differentially heated lid-driven parallelogram-shaped enclosures have not been reported yet. Depending on the applications, various interactions between conduction and combined forced and natural convection should be known. The purpose of the current work is to solve numerically two-dimensional conduction-combined convection flow equations in a lid-driven parallelogram-shaped cavity filled with air and divided by a solid partition wall. The cavity is cooled from the right side and heated from the left wall. Also, the left wall is considered to be sliding upward or downward at a constant velocity. The current model is based on the geometry of Oztop et al. (2009b) , for a left vertical heated moving lid and right vertical cooled stationary wall cavity, which is divided by a vertical centred solid partition filled with air (Pr = 0.71). Numerical solutions are obtained over a wide range of Grashof numbers (10 4 Gr 10 6 ) with the Reynolds number kept fixed at 316.227. The current work solves the same problem, but in this situation, a lid-driven parallelogram-shaped cavity is used instead of a square cavity.
Model specification and mathematical formulation
The physical model considered in this work along with the important geometric parameters is shown in Figure 1 . A cartesian coordinate is used with the origin at the lower left corner of the computational domain. The physical model is a parallelogramic cavity that includes a divider with finite length (H) and thermal conductivity (k S ). The height of the cavity is shown by H and the width of cavity is W. The partition is located at the centre of the enclosure and the thickness of the cavity is taken as constant such that S = W/10. Both the left moving wall and the right stationary vertical walls are inclined at an angle ( ) with respect to the vertical and isothermal but temperature of the left wall is higher than that of the right wall. However, the horizontal walls are adiabatic. The left side of the parallelogramic cavity moves at an angle of ( ) in +y or y in the inclined direction. The effect of various orientations on the heat transport process inside the parallelogramic cavity is studied in this work. It is necessary to examine the range of the governing parameters Re and Ri chosen in this study. To maintain laminar flow in the cavity, the value of Re is kept fixed at 316.227 and Ri considered in the range 0-10 over a wide range of Grashof numbers (10
Gr 10 6 ) and the Prandtl number Pr is taken as 0.71. The obtained numerical results are presented graphically in terms of isotherm and streamline maps to illustrate the interesting features of the solution. The fluid properties are also assumed to be constant, except for the density in the buoyancy term, which follows the Boussinesq approximation. The radiation effects are neglected and the gravitational acceleration acts in the negative y-direction. The fluid within the cavity is assumed to be Newtonian while the viscous dissipation effects are considered negligible. The viscous incompressible flow and the temperature distribution inside the parallelogram cavity are described by the Navier-Stokes and energy equations, respectively. The governing equations are transformed into a dimensionless form by using the following non-dimensional variables as given by Rahman et al. (2008) 
( 1) where X and Y are the dimensionless coordinates measured along the horizontal and vertical axes, respectively, u and v being the dimensional velocity components along x and y axes, respectively, and is the dimensionless temperature, is the volumetric coefficient of thermal expansion and g is the gravitational acceleration. The dimensionless forms of the governing equations under steady-state condition are expressed in the following forms (Rahman et al., 2008) :
For the heat-conducting partition, the energy equation is 2 2 2 2 0.
The Richardson number Ri (Gr/Re 2 ), which appears in last term of equation (4), characterises the mixed convection flow where Gr and Re represent the strength of the natural and forced convection effects, respectively. As Ri 0, the heat transfer regime is governed by forced convection, and as Ri , the natural convection regime becomes dominant. The governing parameters are the Richardson number Ri, which changes between 0 and 10, the thickness ratio of the partition to the wall S/H, which is set to 0.1, and the conductivity ratio K = k f /k S , which is varied as K = 0.001, 1, 10. The non-dimensional form of the boundary conditions for the present problem is specified as follows:
On moving wall:
On right vertical wall:
On the bottom and top walls:
At the solid-fluid vertical interfaces of the block:
At the solid-fluid horizontal interfaces of the block:
The average Nusselt number (Nu) at the moving hot left wall is as given by Oztop et al. (2009b) :
Note that ( / X) Cond is the temperature gradient without a partition. The skin friction coefficient, C f (Y), at the moving hot left wall is also a quantity of interest in this study for estimating the total drag force on the surface. This is calculated as
To examine the effect of the hot left wall velocity and the hot left wall inclination angle from the vertical ( ) for the parallelogramic cavity on the overall flow and heat transfer process, the average skin friction coefficient (viscous drag coefficient) C f at the moving hot left wall is also calculated by integrating C f (Y) over the length of the hot left wall as follows:
Simpson's 1/3 rule is used for numerical integration to obtain the average Nusselt number and the average skin friction coefficient.
Computational procedure
This computational investigation is based on the finite-volume method to discretise the governing non-dimensional equations as discussed by Patankar (1980) . Non-staggered grid procedure is used in primitive variables with a power-law differencing scheme and a second-order central differencing scheme for convection and diffusion terms for the fluid domain. Computing on a collocated grid requires computing the cell face velocities, which are needed. The SIMPLE algorithm is utilised to handle the pressure, temperature and velocity coupling of governing equations. The pressure correction equation is derived from the continuity equation to enforce the local mass balance. Linear interpolation and numerical differentiation as given by Ferzinger and Peric (1999) are used to express the cell-face value of the variables and their derivatives through the nodal values. The method is applied to conjugate problem by employing ghost nodes at the fluid-solid interface as described by WanLai et al. (1997) and Liaqat and Baytas (2001) . In this method, the flow in the cavity and conduction in the walls are solved simultaneously. This is achieved by employing the ghost nodes at the fluid-solid interface, as shown in Liaqat and Baytas (2001) . The final discredited form of governing equations is solved iteratively using Stone's SIP solver (Stone, 1968) . Iteration is continued until difference between two consecutive field values of variables is less than or equal to 10 6 . For further stabilisation of numerical algorithm, underrelaxation factors of 0.2-0.85 are used. The description of this solution method is given in detail by Ferzinger and Peric (1999) and the details are not repeated herein for brevity.
Grid refinement check
To obtain a grid-independent solution, a grid refinement study is performed for a parallelogramic cavity that includes a divider with finite thickness (S = W/10) and conductivity (k S ) with the horizontal adiabatic walls. Both the left moving vertical wall and the right stationary vertical wall are inclined at an angle of ( ) with respect to the vertical direction and are isothermal with the temperature of the left wall being higher than that of the right wall. For the same boundary conditions of the current study with Ri = 10, = 60°, Pr = 0.71 and K = 10, eight combinations (40 40, 50 50, 60 60, 70 70, 80 80, 100 100, 120 120 and 150 150) of non-uniform grids are used to test the effect of grid size on the accuracy of the predicted results.
High-density grids are employed near the fluid-solid interface to resolve the boundary layer properly. The density of the grids is higher near the walls where sharp gradients of temperature and velocity are expected. Figure 2 shows the convergence of the average Nusselt number (Nu) at the upward moving left inclined side wall of the parallelogramic cavity with grid refinement. It is observed that grid independence is achieved with combination of (100 100) control volumes where there is insignificant change in the average Nusselt number (Nu) with the improvement of finer grid. The agreement is found to be excellent, which validates the present computations indirectly. However, a relatively finer mesh combination (100 100) has been adopted for the whole set of the current simulations. 
Numerical results verification
To make sure that the developed programs are free of errors, a verification test is conducted. The present numerical approach is verified against the results published by Oztop et al. (2009b) for natural convection in a square cavity of dimensions L L that includes a divider with finite thickness (S = W/10) and thermal conductivity (k S ) with the horizontal adiabatic walls. Both the left downward moving wall and the right stationary vertical walls are isothermal but the temperature of the left wall is higher than that of the right wall. The calculated surface-averaged Nusselt numbers along the moving left wall for the two test cases (upward and downward moving lid) are compared with the benchmark values by Oztop et al. (2009b) as shown in Table 1 . Figure 3 shows the streamlines and isotherms calculated by Oztop et al. (2009b) and by this study for different Richardson numbers Ri changing from (a) Ri = 0.1, (b) Ri = 1, (c) Ri = 10 with Gr = 10 5 , Pr = 0.71, K = 1, C = 0.5 and = 0° using the same boundary conditions but the numerical scheme is different. Excellent agreement is achieved between the results of Oztop et al. (2009b) and the present numerical scheme for both the streamline and temperature contours inside the square cavity as shown in Figure 3 . These verifications created a good confidence in the present numerical model to deal with the physical problem. 
Results and discussion
Numerical analysis has been performed to investigate the flow field and temperature distribution in parallelogramic lid-driven cavity divided by a solid conductive partition. The ranges of parameters considered in this study are (0.1 Ri 10), (10 4 Gr 10 6 ), (0.001 K 10) and (-60° 60°). All results are obtained for Pr = 0.71 because the most likely applications are for air. Figure 4 shows the isotherms (on the left) and streamlines (on the right) for different Richardson numbers and thermal conductivity ratios. For the case where the lid is moving upward, the flow structure is characterised by a primary recirculating clockwise cell that occupies the left chest. The flow rises by the moving lid and impinges on the top wall and the partition then rotates in clockwise direction to the bottom wall. The flow rotation in the right chest is in the same direction of flow as in the left chest, which is produced by pure natural convection, where the fluid near the right side of the partition is heated and has lower density, moves to upward direction while the fluid near the right wall is cooled and, therefore, it moves downward. With increasing values of the Richardson number, the effect of natural convection in the left chest appears through the flow circulation centre, which moves to the centre of the chest. By increasing the thermal conductivity ratio, no effect on the flow structure is noticed especially at K = 0.001, 1 and the main change occurs when K = 10 because of the corresponding decrease in the thermal resistance. The isotherms for this case show that the hottest region occurs in the left chest and is concentrated at the bottom left and top right sides of the left chest. The strength of the hot region increases with increases in the value of the Richardson number because of the opposite effect of force and natural convection. Increasing the value of the thermal conductivity ratio shows that the isothermal lines are spread into the two chests and become more uniformly distributed because the thermal resistance of the partition decreases. In the case of downward lid-driven motion, one primary and another secondary cells are formed in the left chest. For K = 0.001, the primary cell is formed owing to the force of buoyancy and moves in the clockwise direction while the secondary cell is formed owing to forced convection and this cell loses strength as the Richardson number increases. For another thermal conductivity ratio, the primary cell occupying the left chest is due to the movement of the lid in the anti-clockwise direction and the secondary cell is due to natural convection and this cell vanishes as the Richardson number increases. The primary cell becomes due to natural convection and the secondary cell becomes bigger owing to forced convection because the effect of forced convection becomes weaker when Ri = 10. The isothermal lines distribution depends on the thermal conductivity ratio. By increasing this ratio, the temperature distribution becomes more uniform in the two chests because the partition becomes a highly conducive partition. Figures 5 and 6 show the isotherms (on the left) and streamlines (on the right) for the two cases of upward and downward lid movement of the left side wall for different Richardson numbers (Ri), thermal conductivity ratios (K) and wall inclination angles from vertical direction ( ). As mentioned previously, it can be seen from the streamline contours that positive values of ( ) reduce the strength of the convective motion much more than negative values of ( ). One can see in these figures that the flow structure spreads along the inclined chests and the combined convection appears clear when Ri = 1 and the lid moves downward because of the opposite direction of flow between forced and natural convection. It is also evident that for ( = -60°) that the convective cell is more elongated and penetrates deeper into the acute corners of the enclosure than for ( = 60°). As a result, the temperature contours for ( = 60°) can be seen to be strikingly different. The buoyancy force is dominant when Ri >> 1 and when heat transfer is primarily by free convection. The forced convection heat transfer becomes effective when Ri << 1. For the low thermal conductivity ratio K = 0.001, the solid partition acts as an insulator between the hot and cold fluid streams. Little isotherms crossing the solid partition of lower K can be seen. Figure 7 displays the local Nusselt numbers for the case of upward lid-driven flow at different Richardson numbers, thermal conductivity ratios and wall inclination angles from the vertical direction ( ). There are big differences between the cases for the trend of the local Nusselt numbers. These differences can be seen from the local Nusselt numbers along the moving wall. It is observed that the local Nusselt number decreases with increasing values of the thermal conductivity ratio for all values of the Richardson numbers. Figure 8 displays the local Nusselt number for the case of downward lid-driven flow at different Richardson numbers, thermal conductivity ratios and wall inclination angles from the vertical direction ( ). with increasing values of the thermal conductivity ratio for all Richardson numbers. Finally, Table 2 presents the mean Nusselt number along the moving wall for the two different lid movement cases. It is clearly seen that the maximum mean Nusselt number for the case of upward lid movement is predicted to be at = -60° (Ri = 10, K = 0.001) while the maximum mean Nusselt number for the case of downward lid movement is obtained at = -30° (Ri = 0.1, K = 0.001). On the other hand, the minimum mean Nusselt numbers for the two different cases (upward and downward lid movements) are predicted at = 0°.
The variation of the average skin friction coefficient (C f ) with different angles of inclination, Richardson numbers and thermal conductivity ratios is plotted in Figure 9 for both downward and upward lid-driven cavities. In general, the average skin friction coefficient decreases with increasing the angle of inclination up to = 0° and then increases with increasing the inclination angle. This fact can be noticed for all values of the Richardson number and thermal conductivity ratio considered except when the Richardson number is equal to 10 because of the increase in the moving wall velocity. Figure 9 Variation of the average skin friction coefficient (C f ) of moving left wall along y-axis with wall inclination angles from vertical ( ) for both cases of downward (dashed line) and upward (solid line) lid-driven cavities with different thermal conductivity ratios (K)
Conclusions
Laminar steady mixed convection and conduction in a differentially heated lid-driven parallelogram-shaped enclosure divided by a solid conductive partition with a finite length and thermal conductivity into two equal chests was simulated numerically using the finite-volume method. The inclined side walls of the parallelogram cavity were maintained at constant temperatures while its horizontal walls were thermally insulated. Two different cases were considered based on the direction of the lid movement of the left inclined side wall as downward or upward. The numerical procedure adopted in this study produced a consistent performance over a wide range of parameters. These were 0.1 Ri 10, -60° 60° and 0.001 K 10. The results obtained in this study showed how the mean Nusselt number for a parallelogramshaped enclosure varied with the wall angle . For the upward lid movement case, positive values of caused a greater reduction in the overall Nusselt number than the same negative value of . Also, negative values of produced a more uniform distribution of the local Nusselt number than positive values. For the downward lid movement case, positive values of produced a more uniform distribution of the local Nusselt number than negative values. It was also predicted that the minimum mean Nusselt number for the two cases (upward and downward lid movement) occurred for = 0°. The mean Nusselt number decreased with increasing values of the Richardson number for all values of the thermal conductivity ratio. The heat transfer decreased with increasing values of the thermal conductivity ratio for all Richardson numbers. The flow characteristics and convection heat transfer inside the parallelogram-shaped enclosure depended strongly on the mixed convection parameter Ri, temperature gradient, movement of heat through the wall, and the wall inclination angle. Little isotherms crossing the solid partition were predicted for lower thermal conductivity ratios. The average friction coefficient (C f ) had minimum values at = 0° for all values of the Richardson number considered except when Ri = 10. Also, the values of the average skin friction coefficient for an upward moving lid were predicted to be lower than those for a downward moving lid at all conditions. Zhao, F.Y., Liu, D. and Tang, G. F. (2010) 
